Introduction
Analyzing contact stress is of a significant importance to the design of mechanical components. When two elements are brought into contact and relative motion, interfacial normal and shear tractions occur either due to either the direct interaction of the asperities of two surfaces in a dry contact or the entrainment of a pressurized fluid in a mixed lubrication process. The knowledge of surface interaction makes the analysis of subsurface stress analysis feasible. Moreover, the subsurface stress field could be perturbed by surface irregularities and internal eigenstrains ͑such as plastic strain͒. The contact stress field information provides the foundation for the investigation of many surface-related phenomena, such as roll-contact fatigue ͓1͔, crack propagation ͓2͔, and wear ͓3͔.
Engineering surfaces are inevitably rough, and asperities may deform plastically until the contact area becomes sufficiently large and the elementary pressure can hold the applied load ͓4͔. A pioneered work has been done by Greenwood and Williamson ͓5͔,  who assumed that asperities have spherical tips with uniform radius but the Gaussian height distribution. This basic model was extended by Chang et al. ͓6͔ to take into account the volume conservation of the plastic zone. A thorough review of numerical models and simulations of multiple asperity contacts has been given by Bhushan ͓7͔. On the other hand, contact problems can be formulated by means of the explicit relationship between excitation and material response. Tripp et al. ͓8͔ developed analytical solutions for the internal stress field induced by bisinusoidal normal and tangential tractions. A complete solution for the elastic contact of onedimensional sinusoidal surface with a flat surface was investigated by Westergaard ͓9͔ and Dundurs et al. ͓10͔ . Experimental results reported in ͓11͔ showed the difficulty of predicting the shape of contact areas for two-dimensional sinusoidal surfaces, and thus, a numerical method, rather than an analytical approach, was employed to investigate the contact situation. Gao et al. ͓12͔ conducted an extensive study on the plastic contact between a rigid, flat body and an elastic-perfectly plastic solid with a onedimensional sinusoidal surface by using the finite element method ͑FEM͒. They identified two parameters characterizing the type of the asperity contact behavior. Recently, Kim et al. ͓13͔ analyzed both frictionless and frictional contacts of a rigid surface with an elastic-perfectly plastic solid with a non-Gaussian rough surface generated by computer based on different statistical parameters.
The accurate description of the real contact area requires fine discretization with a large number of grids, which means a heavy computational burden. In addition, the mesh size along the depth should be small enough in order to obtain an accurate subsurface stress field. Considering the fact that many linear convolutions exist in several mathematical formulations of contact problems, the fast Fourier transform ͑FFT͒ ͓2,14-18͔ technique is utilized to accelerate the numerical process of contact simulation. Liu et al. ͓16͔ proposed a DC-FFT method with twice domain extension in each dimension to circumvent the otherwise encountered border aliasing error. This method is widely used for the analysis of the contact of counterformal rough surfaces, where the contact area is small compared to the sizes of contact bodies. However, the contact of two nominally flat surfaces involves a large nominal contact area, and the grid number needed to discretize surface asperities is beyond the power of a regular personal computer. Because a periodic similarity may exist in surface topography ͓4͔, the contact of nominally flat, but actually rough, surfaces may be solved on a characteristic domain that can be periodically extended to the entire contact region. Wang et al. ͓19͔ utilized the continuous convolution and Fourier transform ͑CC-FT͒ method, based on the frequency response function ͑FRF͒, to investigate the asperity contact in mixed lubrication, where the rough surface of a halfspace was assumed to be periodic. This method is extended here to solve the elasto-plastic contact involving infinitely large rough surfaces by means of periodic domain extension.
Extensive modeling work has been done to study elasto-plastic counterformal contacts. Jacq et al. ͓20͔ developed a fast semianalytical method to study the elasticplastic response of solid materials. Furthermore, frictional heating was introduced by Boucly et al. ͓21͔ into the model mentioned above. Wang and Keer ͓22͔ investigated the effect of various strain-hardening laws on the elasto-plastic indentation behaviors of materials.
The current work, based on Jacq's model ͓20͔, aims to develop a three-dimensional numerical elasto-plastic contact model for nominally flat surfaces, employing the CC-FT approach or the DC-FFT approach modified with duplicated padding. This model utilizes the explicit formula for material response ͑the Green's function and the frequency response function͒ to calculate the results of contact area, contact pressure, subsurface stress, and plastic strain. The frequency response functions for elastic fields caused by surface tractions and plastic strains are discussed in detail in this paper. The present model does not make any assumption on the asperity shape; it fully considers the interactions of neighboring contact asperities and the bulk deformation. The numerical results obtained from this model are compared to analytical solutions for verification. This model is also applied to evaluate the elasto-plastic contacts involving a sinusoidal surface and an engineering rough surface.
2 Theoretical Background 2.1 Contact Models. The general contact model with boundary constraints used by many researchers is repeated here for clarity
Here, W is the applied load, ⌫ c the real contact surface, p the pressure, u 3 the vertical displacement of two surfaces, and h i ͑x , y͒ and ␦ are the initial gap and rigid-body approach, respectively.
The deformation can be related to loading through the Green's function. Therefore, the contact problem can be described by a linear equation system subjected to the constraints of nontensile contact pressure and impenetrable contact bodies, as indicated in Eq. ͑1͒. The iterative method based on the conjugate gradient method ͑CGM͒ ͓23͔ is introduced to solve this linear equation system for rough-surface contact problems efficiently, with which contact pressure and contact area can be determined simultaneously. The elastic normal displacement caused by contact pressure p͑x , y͒ is given by the Boussinesq formulas ͓24͔
The domain of interest needs to be discretized into mesh elements, as indicated in Fig. 1 . The numerical evaluation uses the discrete influence coefficient ͑IC͒, D j , instead of the continuous Green's function. The general form of ICs can be found in ͓24͔, which is the integral of the product of the shape function, Y͑x͒, and the Green's function, G͑x͒, over ͓−⌬ / 2,⌬ / 2͔,
Then, the displacement u i can be expressed in the form of the cyclic convolution,
With the continuous convolution theorem, the application of the Fourier transform on both sides of Eq. ͑2͒ should result in simple multiplication of the Fourier transform of pressure and the frequency response function ͑FRF͒. FRFs of surface normal displacements induced by pressure and shear tractions are listed in ͓25͔, as shown in
where the shear traction is applied along the positive x-axis, and m and n are coordinates in the frequency domain. The formula should be applied on both contact bodies to obtain the total surface deformation. Displacements caused by plastic strain can be directly included into the total displacement expression given in Eq. ͑1͒ for a solution of elasto-plastic contact. In Secs. 2.2-2.4, the frequency response functions of elastic/residual stresses and displacements are discussed.
FRF of Stress Field in
Half-Space. The FRFs of normal surface displacement and subsurface elastic stress components caused by the surface tractions, shown below in Eqs. ͑6a͒ and ͑6b͒ have been derived based on the general expressions given by Liu and Wang ͓17͔ for known pressure p͑x , y͒ and tangential traction s͑x , y͒ 
Here, ␣ = ͱ m 2 + n 2 , p 5 and s 5 are the double Fourier transforms of surface tractions with respect to coordinates x and y. One quick verification can be conducted through considering the surface displacement caused by a unit concentrated tangential force on the origin, i.e., s 5 =1, p 5 = 0 and z = 0, the FRF of the normal displacement in Eq. ͑6a͒ reduces to that for the Cerruti problem in Eq. ͑5͒
2.3 FRF of Surface Normal Residual Displacement. The reciprocal theorem was employed by Jacq et al. ͓20͔ to study the residual displacement due to the plastic strain ij p . The normal residual displacement u 3 r can be expressed as an integration as follows, which can be found from Eq. ͑1.23͒ in ͓20͔:
where ij
͒ is the elastic strain in the half-space at point ͑xЈ , yЈ , zЈ͒, which is induced by the unit concentrated normal force applied on surface point ͑x , y͒. Applying double Fourier transform on the residual displacement formula with respect to coordinates x and y ͑FT xy ͒ and using the FT property shown in the Appendix, Eq. ͑8͒ becomes
Thus far, the horizontal coordinates are in the frequency domain, and the vertical coordinate z is in the space domain. The subsurface domain is divided into N z equispaced layers along the z-axis, and the observation points locate on the centers of layers. The residual displacement can be rewritten as the superposition of the contributions of all layers, where plastic strains have nonzero value
The plastic strains are assumed to be independent of the z coordinate in each layer, and then they can be factored from the integral,
Here, ijk p means the double Fourier transform of the plastic strain component ij at the kth layer, and G ijk * ͑m , n͒ =2͐ ⌬͑k−1/2͒ ⌬͑k+1/2͒ ij * ͑−m ,−n , zЈ͒dzЈ is called the FRF of the surface residual displacement corresponding to ijk p . Considering the strain and displacement relationship, ij * can be expressed as
Following the procedure shown in ͓17͔, the FRF of displacements ũ i * due to the concentrated normal force can be derived and listed in the Appendix . Thus, ij * can be developed, for instance,
͑13͒
Performing definite integral over terms ij * results in the following FRFs:
−n , z͒ and listed as follows:
; F 22 ͑m,n,z͒ = F 11 ͑n,m,z͒
F 13 ͑m,n,z͒ = i m͑1 + ␣z͒ ␣ 2 e −␣z ; F 23 ͑m,n,z͒ = F 13 ͑n,m,z͒
FRF of Residual Stress in
Half-Space by a Numerical Approach. However, for the residual stress field in the half-space caused by the plastic strain, the analytical form of FRF is unavailable, and the derivation needs significant analytical endeavor. On the other hand, the method for calculating influence coefficients D can be found from existing literatures ͓20,27͔. An efficient way needs to be explored to obtain the discrete series of FRF from IC. As shown in Eq. ͑3͒, IC is the continuous convolution of the Green's function and the shape function over the discrete element; therefore,
The relationship between the FT and DFT series is
The approximation relationship holds if the interval ⌬ is sufficiently small. Only one term at r = 0 is significant in the summation. Under this simplification, G becomes
͑18͒
D i can be obtained by applying the FFT on the discrete IC series. A rectangular pulse ͑zero order of continuity͒ whose continuous Fourier transform is given in ͓18͔ is usually used as the shape function. Based on Eq. ͑18͒, the discrete series of FRF G i can be calculated for further use. The verification for this procedure is made through the comparison of the approximated FRF converted from IC with the exact FRF for the surface displacement induced by a normal pressure. The approach obtaining IC from the Boussinesq problem in ͓25͔ used the rectangular pulse as the shape function, and the FRF is shown in Eq. ͑5͒. The element size is ⌬ =1 m, and the mesh dimensions are 64ϫ 64. As shown in Fig. 2 , the relative error of the numerically approximated procedure is Ͻ2% ͑one-quarter of the frequency domain is shown, and G 0 is the average value of the FRF over the element at the origin͒. Thus, the FRF obtained from IC in this case is a good substitution for the analytical one. Note that the accuracy of Eq. ͑18͒ depends on the contribution from aliasing in Eq. ͑17͒, and the approximation is particularly suitable for the fast decaying D .
Numerical Formation of a Nominally Flat Surface.
A typical contact involving a nominally flat surface with a large nominal contact area is shown in Fig. 1͑a͒ . Statistical methods are often used to obtain stochastic parameters that describe a group of rough engineering surfaces ͓4-6͔. However, contact analyses based on surface statistics can hardly predict the interaction among asperities and the subsurface stress-strain behavior. On the other hand, the deterministic expression of a surface can be done with the assistance of modern measurement technologies. However, measurement can only result in a digitized surface sample over a finite area.
It is reasonable to use a sampled rough surface area as the representative domain to form a large rough surface by periodically extending this domain, as shown in Fig. 1͑b͒ . The characteristic domain can be retrieved as the object under investigation. Figures 1͑c͒ and 1͑d͒ give the representative space and surface with discrete grids, respectively. Such a periodical domain extension is in favor of the application of the CC-FT algorithm, and the response should have the same period as the excitation load.
Plasticity
where Y and VM are the yield limit and the von Mises stress, respectively, and S ij = ij − ͑1 / 3͒ kk ␦ ij . The isotropic Swift hardening law is used in the current study, where the yield limit can be represented in terms of the effective plastic strain as follows:
Here, B, C, and n are the work hardening parameters for the Swift law, and p is the effective plastic strain, defined as
Yield occurs when f Ͼ 0, i.e., when the von Mises stress is larger than the current yield strength Y ͑ p ͒. The increment in the plastic strain enhances the level of yield strength and reduces the intensity of von Mises stress. The actual increment of the effective plastic strain ␦ p should draw the stress-strain state back onto the yield surface, i.e., f͑ p + ␦ p ͒ = 0. An increment-based approach ͓20͔ can be used to determine the variation of the effective plastic strain, which is a function of stresses ij , variations of stresses ␦ ij , existing plastic strains p , and strain hardening parameters. The increment of plastic strain components is then calculated based on the plastic flow rule shown
3 FFT-Based Algorithms 3.1 DC-FFT. The contact response is a continuous convolution between excitation and the Green's function. As discussed by Brigham ͓26͔, the discrete convolution ͑also named cyclic convolution͒ via using the discrete Fourier transform ͑DFT͒ technique requires sampling both the excitation and the Green's function in a finite domain and forming a periodic series. If the excitation is nonperiodic, the alias phenomenon may occur along the domain boundary. In order to avoid this error, Liu et al. ͓16͔ proposed a DC-FFT algorithm, which is summarized in Fig. 3͑a͒ , at the cost of only doubling the problem domain. The FFT technique is applied to execute the DFT efficiently. For contact problems of nominally flat surfaces with periodic roughness, however, the DC-FFT algorithm is not immediately applicable.
CC-FT.
On the other hand, the domain periodic extension strategy in Sec. 2.2 validates the use of the FRF-based CC-FT algorithm following the continuous convolution theorem. If the period of the contact domain is L, all contact variables, such as pressure and deformation, should also be periodic functions with the same period. This periodic characteristic automatically fulfills the periodic extension required by the DFT technique. Therefore, only a single period is needed in the Fourier transform procedure without any domain extension involved in the analysis. For the detailed proof, readers may refer to Sec. 2.2 in ͓16͔. The procedure of CC-FT is illustrated graphically in Fig. 2͑b͒ .
The discrete series G is obtained by sampling the FRF at the corresponding coordinates in the frequency domain. If the value of a FRF at the frequency domain origin, which equals the area under the corresponding Green's function, is singular, than the average value of the FRF over the element located at the origin can be a substitution value at this point ͓17͔.
DCD-FFT and a Mixed Algorithm.
Another approach for problems with periodic roughness can be developed based on the DC-FFT method with certain modifications. As mentioned by Liu et al. ͓16͔, zero padding of excitation variables is one of the measures to circumvent the alias error occurring on the boundary Transactions of the ASME of nonperiodic problems. On the contrary, in order to reproduce periodic loading in neighboring periods, loading on the extended domain can be directly duplicated from the original domain, rather than zero padding. The modified DC-FFT algorithm with duplicated padding is denoted as DCD-FFT in the paper. Intuitively, the DCD-FFT algorithm is not as accurate and efficient for periodic problems as the CC-FT algorithm, and it is indeed supported by numerical examples discussed in the verification section ͑Sec. 4͒ because it involves greater error and costs more in computation power due to the double extension. However, the DCD-FFT algorithm can be used for certain specific problems that the CC-FT algorithm can not readily handle. For example, line-contact problems involve an infinite geometry in one direction but finite geometry in the other. Surface roughness can be formed through periodic extension along the direction with infinite geometry. Neither CC-FT nor DC-FFT alone is valid for this one-dimensional periodic and one-dimensional nonperiodic problem. An approximate method can be developed, i.e., duplicated padding pressure in the periodic direction ͑the DCD-FFT algorithm͒ and zero padding pressure in the nonperiodic direction ͑the DC-FFT algorithm͒. This mixed method is depicted in Fig. 4 .
Verifications and Application Results
Verifications of the FFT-based methods for periodic contact problems were made through the comparision between the numerical results obtained with these methods and the corresponding analytical solutions. Elastioplastic contacts involving a bisinusoidal surface and a engineering surface were then numerically investigated.
Verification, Stress Field due to a Bisinusoidal Surface
Pressure. Assuming a bisinusoidal pressure distribution in the form of
is applied on a frictionless half-space. Here, is the wavelength of the pressure distribution and p 0 the maximum pressure. The analytical solution of the subsurface stress field caused by the bisinusoidal surface tractions were given by Tripp et al. ͓8͔. The stresses in the half-space were calculated numerically with the FFT-based methods in Sec. 3 in a physical domain of 2ϫ2 ϫ. The frequency response functions listed in Sec. 2.2 were applied. When this problem was simplified into a nonperiodic problem subjected to only one period of pressure, the solution can be determined by the DC-FFT algorithm, whose results were also included in the following discussion for comparisons. Figure 5͑a͒ presents the dimensionless von Mises stress profiles along the x-axis below the surface at z = / 4, where one-half of the simulated region is shown. The domain was meshed into 128ϫ 128ϫ 64 grids. The coordinates were normalized by the pressure wavelength. The results obtained with the CC-FT and DCD-FFT algorithms agree well with the analytical solution in the entire simulation domain. The result with the DC-FFT algorithm is close to the exact solution in the domain center but quickly deviates from the analytical one near the boundary. In order to further compare methods on the domain boundary, the dimensionless von Mises stress profiles along the depth on the boundary of the simulation region is given in Fig. 5͑b͒ . Good agreements are still found for the results with the CC-FT and DCD-FFT algorithms, but those from the nonperiodic algorithm overestimate the near surface stress and underestimate the values at deeper locations because it neglects the tractions on neighboring regions.
The relative error of the von Mises stress is defined as the absolute difference between the analytical value and the numerical result divided by the maximum pressure p 0 . These relative errors calculated for results with different approaches along the x-axis at the depth of z = / 4, are shown in Fig. 6 , where VM * is the analytical stress value. Different grid numbers, 64ϫ 64ϫ 32, 128 ϫ 128ϫ 64, 256ϫ 256ϫ 128 are chosen to study the effect of mesh size. It is found from Fig. 6͑a͒ that relative errors for the results from the CC-FT algorithm are hardly visible, Ͻ10 −6 . The increase in grid number does not result in less relative error. In Fig. 6͑b͒ , errors from the results obtained with the DCD-FFT algorithm are Ͻ0.15% for all mesh sizes and has the same period as the von Mises stress. The mesh refinement improves the numerical result obviously ͑the relative error decreases to 0.01% for the mesh size 256ϫ 256ϫ 128͒. Relative errors for the nonperiodic solution obtained from the DC-FFT algorithm is negligible in the domain center and becomes significant on the domain edge, Ͼ18%. It should be mentioned that the grid number has little effect on the results from the DC-FFT algorithm. Therefore, the CC-FT algorithm should be used for periodic problems because of its efficiency and accuracy.
Verification, Stresses due to a Cylindrical Contact.
The Hertz theory indicates that the elastic frictionless line contact between a cylinder and a flat surface produces a contact pressure in the form of 
where a H is the Hertizan half contact width and p 0 is the maximum contact pressure. For this line contact problem, the periodic boundary condition can be applied along the cylinder axis, and the nonperiodic contact condition along the perpendicular direction. The DCD-FFT and DC-FFT algorithms should be applied on the periodic direction and nonperiodic direction, respectively ͑the mixed method in Sec. 3.3͒. The size of the simulation domain is 4a H ϫ 16a H ϫ 8a H , which was divided into 256ϫ 256ϫ 128 grid points. The analytical solution of stresses due to the cylindrical contact can be found in ͓24͔. The maximum shear stress 1 , given in Eq. ͑24͒, is used for comparison to the exact solution in ͓24͔ 
͑24͒
On the other hand, a nonperiodic solution, ignoring the pressure on the neighborhood, can be calculated by the DC-FFT algorithm alone in order to examine the advantage of the mixed method. The results of the dimensionless maximum shear stress versus depth at the origin and an edge point are presented in Figs. 7͑a͒ and 7͑b͒ . It can be observed that both the mixed method and DC-FFT algorithms yield reasonably good solutions at the domain center as compared to the exact one. The mixed method keeps the same accuracy on the computational boundary y =8a H , while the results obtained with the DC-FFT algorithm alone notably deviates away Transactions of the ASME from the analytical data. Here, the DC-FFT algorithm underestimates the stress because the pressure influence from neighborhood periods is neglected. Relative errors of the maximum shear stress along the cylinder axis at z = 0.78a H , where the exact maximum value occurs, are plotted in the Fig. 8 for the results obtained with different approaches, and 1 * is the analytical maximum shear stress. The mixed method has uniform and small relative errors, ϳ0.7%, over the entire domain. The relative error obtained from the nonperiodic approach is Ͻ2% in the middle of the computational domain, may be comparable to that of the mixed method. However, the error increases rapidly when the observation point is 6a H away from the center point, and even differs by one order of magnitude from that of the mixed method at the boundary. Table 1 lists the maximum relative error from the mixed approach over the entire space for different mesh numbers and computation domain sizes. Under the same domain size, mesh refinement does not improve the result. On the other hand, even using the coarse mesh, 64ϫ 64ϫ 32, the mixed algorithm still yields good solutions if a large extended computation domain, 4a H ϫ 16a H ϫ 8a H is used. In addition, the domain extension along the cylindrical axis ͑0.67% for 4a H ϫ 16a H ϫ 8a H ͒ seems more helpful than that along the perpendicular direction ͑0.99% for 8a H ϫ 16a H ϫ 8a H ͒. Therefore, the mixed padding approach is capable of solving the onedimensional periodic line-contact problem, and the domain extension along the periodic dimension may help reduce the numerical error.
Application, Elasto-Plastic Contact
Involving a Bisinusoidal Surface. This section considers the contact of a rigid flat plane with an elasto-plastic body with a bisinusoidal surface, whose initial geometry h i is given by
where A p and are the amplitude and wavelength of the sinusoidal surface. Figure 9͑a͒ gives the cross-sectional view the contact. Suppose the flat surface is brought into contact with the sinusoidal crests under a mean pressure p. According to Johnson et al. ͓11͔ , if the mean pressure p exceeds a certain value, p * The exact solution for the contact pressure of the twodimensional wavy surface is not available; therefore, the CGMbased iterative procedure ͓23͔ was employed here to obtain the contact pressure and actual contact area. The increment of plastic strain and residual displacement were determined by using the semi-analytical approach discussed in ͓20͔. Following the formula in Sec. 2, the FRF discrete series should be obtained for the stress and displacement when the plastic behavior was considered. Because of the periodicity of the sinusoidal surface, the CC-FT algorithm was used as the core numerical technique to accelerate the stress evaluation process. The dimension of the characteristic domain from the infinite body is 2ϫ2ϫ, which was meshed into 64ϫ 64ϫ 32 grid elements. Parameters in the simulation were listed in Table 2 .
Because of the difficulty in predicting the contact area for this problem, Johnson et al. ͓11͔ performed an experimental investiga- Fig. 9 Contact involving a bisinusoidal elasto-plastic surface:
"a… cross section of the contact and "b… variations of the contact area of the two-dimensional wavy surface as the pressure ratio increases. White zones are the contact areas, and black ones are noncontact areas. tion of the variation of the contact area as a function of the external load for a purely elastic contact. The current work evaluated the contact areas at three pressure ratios, p / p * = 0.08, 0.14, and 0.35. The shape and size of the contact area for these cases are presented in Fig. 9͑b͒ . The contact spots are approximately circular at the light load, p / p * = 0.08 and then become rectangles at p / p * = 0.14. When the pressure ratio, p / p * , further increases up to 0.35, the separate contact spots link to each other and form a continuous region embracing rectangular noncontact areas. The ratios of real to apparent contact area obtained from the numerical simulation and the experiment are listed in Table 3 . The numerical results show a satisfactory agreement with the experimental observations in ͓11͔. Note that the axes of Fig. 9 in ͓11͔ are at 45 deg to those of Fig. 9͑b͒ in this paper.
In order to study the effect of shear traction, a surface shear stress, equal to the production of a friction coefficient and the normal pressure, was applied along the positive x-axis. f = 0.3 and p = 0.35p * were chosen. Figure 10 plots the contours of dimensionless von Mises stress in the vertical plane of y = 0 for the total value and the residual part, respectively. The von Mises stress was normalized by the yield strength Y , and the coordinates x and z were normalized by the sinusoidal wavelength . Both the total and residual von Mises stress have the period of in the space domain no matter whether the shear is applied or not. For the frictionless case, the maximum values of the total and residual stress are located at about z = 0.1 below the sinusoidal crests. When friction is applied, the maximum total stress increases by 4% while the maximum residual stress increases significantly by 55%. In addition, there are two local maximum values for the total and residual stress for the frictional case; one is at the same location as that in frictionless contact case, marked by the rectangle in Fig. 10 , whereas the other is on the contact surface, marked by the circle in Fig. 10 .
The effect of friction on the residual surface displacement and subsurface effective plastic strain are given in Fig. 11 . The residual displacement and plastic strain still have the same periodic properties as the surface geometry. With the presence of the shear traction, the maximum plastic strain increases ϳ52% and the depths of residual dents caused by the plastic strain also increase ϳ67%. In addition to that, the peaks of effective plastic strain offset along the direction of shear traction. On the other hand, the valleys of surface residual dents remain in the same position. Humps of the residual displacement can be found on the leading edges of the dents while the shear is applied.
Application, Elasto-Plastic Contact Involving a Rough
Surface. A real ground rough surface patch was digitized with a phase-shift interferometer. The sampling mesh dimension is 128 ϫ 128, and the mesh element is 7 m ϫ 7 m in size. A virtual ground rough surface can be formed through periodically extending this representative patch along two dimensions. Figure 12͑a͒ presents the representative domain in a perspective view. Along the depth direction, the domain was discretized into 32 layers spaced with 7 m each. This rough surface is brought into contact with a smooth flat surface under a mean pressure equal to 0.2 Y . The material properties are the same as those used in Sec. 4.3.
The dimensionless contact pressure is given in Fig. 12͑b͒ . Sporadic pressure peaks can be found on the rough surface, and the real contact area is only 7.54% of the apparent contact area at this loading condition. Figures 12͑c͒ and 12͑d͒ plot the dimensionless total and residual von Mises stresses at the depth of z =4R q , where R q is the rms roughness. The maximum value of the residual stress differs by one order of magnitude from that of the total stress. Because of the effect of the residual deformation, the rms roughness on the releasing of load reduces to 1.66 m from its original value of 1.68 m.
Conclusions
This paper presents a three-dimensional numerical model, based on the continuous convolution and Fourier transform ͑CC-FT͒ algorithm and the discrete convolution and fast Fourier transform algorithm modified with duplicated padding ͑DCD-FFT͒, for solving the elasto-plastic contact of nominally flat surface. For periodic problems, the CC-FT method yields the most accurate solution and does not require any computation domain extension. A mixed algorithm, DCD-FFT and DC-FFT, is developed for simulating the line contact involving a nominally flat surface.
The FRFs of the elastic subsurface stress and the residual surface displacement have been derived analytically. A numerical approximation approach of transforming IC into the discrete series of FRF was utilized to obtain the FRF of the residual stress.
Model verification was conducted by comparing the numerical results of the half-space stress field induced by a periodic surface pressure to analytical solutions. The results show that the CC-FT algorithm is more accurate and efficient than the DCD-FFT algorithm. The ability of the mixed algorithms was examined with a line contact problem, and the results indicate that this method is sufficiently accurate.
The CC-FT algorithm was applied to evaluate an elasto-plastic contact involving a bisinusoidal surface, including both the nor- Fig. 11 Comparisons of plastic contact with and without friction: "a… the dimensionless residual normal surface displacement along the x-axis and "b… the effective plastic strain along the x-axis at the depth of z =0.1 mal and tangential loading. The increase in the mean normal pressure changes the contact spots from circles to rectangles and, finally, to a continuous region. The introduction of the shear traction evidently enhances the intensity of the residual stress and the plastic deformations. The positions of the maximum values of the stress and the plastic strain also shift toward the surface. This model was further used to simulate an elasto-plastic contact involving a flat ground surface. A reduction in roughness due to the residual deformation has been identified. 
